On closed rational functions in several 

variables 

A. P. Petravchuk* O. G. Iena f 

Abstract 

Let I = I be a field of characteristic zero. An element ip € 
. . . ,x n ) is called a closed rational function if the subfield K(y>) is 
algebraically closed in the field . . . , x n ). We prove that a rational 

function p = f /g is closed if / and g are algebraically independent 
and at least one of them is irreducible. We also show that the rational 
function ip = f j g is closed if and only if the pencil af + (5g contains 
only finitely many reducible hyper surf aces. Some sufficient conditions 
for a polynomial to be irreducible are given. 

1 Introduction 

Closed polynomials, i. e., polynomials / £ K[xi, . . . ,x n ) such that the subal- 
gebra K[/] is integrally closed in K[x\, . . . ,x n ], were studied by many authors 
(see, for example, [Now], [Stem], |Najib| , [Arzhj ). A rational analogue of a 
closed polynomial is a rational function ip such that the subfield K(^) is al- 
gebraically closed in the field K(xi, . . . , x n ), such a rational function will be 
called a closed one. Although there are algorithms to determine whether a 
given rational function is closed (see |011j ) it is interesting to study closed 
rational functions more detailed. 
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We give the following sufficient condition for a rational function to be 
closed. Let <p = f / g G K(x%, . . . ,x n ), f and g are coprime, algebraically 
independent and at least one of polynomials / and g is irreducible. Then (p 
is a closed rational function (Theorem [1]). 

Using some results of of J.M. Ollagnier [Oil] about Darboux polynomials 
we prove that a rational function (p — f / g G K(xi, . . . , x n ) \ K is closed if 
and only if the pencil af + (3g of hypersurfaces contains only finitely many 
reducible hypersurfaces (Theorem [2]). We also study products of irreducible 
polynomials. 

Notations in the paper are standard. For a rational function F(t) G K(t) 
of the form F(t) = with coprime polynomials P and Q the degree is 
degF = max(degP, degQ). The ground field K is algebraically closed of 
characteristic 0. 



2 Closed rational functions in several vari- 
ables 

Lemma 1. For a rational functions tp, ip G K(xi, . . . , x n ) \ IK the following 
conditions are equivalent. 

1) ip and ip are algebraically dependent over K; 

( df dip \ 

d s$ 9 d$ J i s equal to 1; 

dxi ' ' ' dx n ) 

3) for differentials dip and dip of functions ip and ip respectively it holds 
d(p A dip = 0; 

4) there exists h G K(xi, . . . ,x n ) such that <p = F(h) and ip = G(h) for 
some F(t),G(t) G K(t). 

Proof. The equivalence of 1) and 2) follows from [Hodge], Ch.III, §7, Th. 
III. The equivalence of 2) and 3) is obvious. Since 2) clearly follows from 
4), it remains to show that 1) implies 4). Let p> and ip be algebraically 
dependent. Then obviously tr. deg K K(y>, ip) = 1. By Theorem of Gordan 
(see for example [Schinz] . p. 15) ~K(<p,ip) = 1K(h) for some rational function h 
and therefore ip = F(h) and ip = G(h) for some F(t), G(t) G K(t). □ 

Definition 1. We call a rational function ip G K(xi, . . . , x n ) \K closed if the 
subfield K((p) is algebraically closed in K(x\, . . . , x n ). 
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A rational function if) is called generative for a rational function if) if if) is 
closed and if) G K(if>). 

Lemma 2. 1) For a rational function <p G K(xi, . . . ,x n ) \ IK the following 
conditions are equivalent. 

a) if is closed; 

b) K(<£>) is a maximal element in the partially ordered (by inclusion) set 
of subfields ofK(x\, . . . , x n ) of the form K(^), ip G K.(x\, . . . , x n ) \ K. 

c) if is non-composite rational function, i. e., from the equality ip = F{ip), 
for some rational functions if) G K(xi, . . . , x n ) \1K and F(t) G IK(t) ; it follows 
that degF = 1. 

2) For every rational function ip G IK(xi, . . . , x n ) \ K there exists a gener- 
ative rational function (p. If ip\ and ip>2 are two generative rational functions 
for ip, then <p 2 = c$l+d f or some a,b,c,d £ K such that ad — be ^ 0. 

Proof. 1) a)=^ b). Suppose that the rational function ip is closed and K(<p) C 
K(^) for some if> G K(xi, . . . , x n ). The element if) is algebraic over over IK(<£>) 
and therefore by the definition of closed rational functions we have if) G K(tp). 
Thus K(<^) is a maximal element in the set of all one-generated subfields of 
K(xi, . . . ,x n ). 

b)^> a). If K(ip) is a maximal one-generated subfield of . . . ,x n ), 

then K(ip) is algebraically closed in K(xi, . . . ,x n ). Indeed, if / is algebraic 
over K(</>), then tr. deg K (v?, /) = 1 and by Theorem of Gordan K(ip, f) = 
K(^) for some rational function if). But then K(?/>) = K(</?) and / G K(</?). 

The equivalence of b) and c) is obvious. 

2) The subfield ~K(<p>) is contained in some maximal one-generated subfield 
K(y5), which is algebraically closed in K(xi, . . . , x n ) by the part 1) of this 
Lemma. Therefore (p is a generative rational function for ip. 

Let ip> i and (pi be two generative rational functions for ip. Then <p>i and <p>2 
are algebraic over the field K(ip) and therefore tr. deg K K(ip, <pi, ip 2 ) = 1- In 
particular, then the rational functions (p\ and (p>2 are algebraically dependent. 

By Lemma[T]one obtains (p>\ G IK(^), ip>2 G K.(if)) for some rational function 
if). Since both (pi and <p>2 are closed, we get K(<pi) = K(if)) = K(<p 2 ). But 
there exists a fractional rational transformation 9 of the field K(?/>) such that 
^(^2) = fii- Therefore, ip 2 = °f ^ d , for some a, 6, c, d G K, ad — be ^ □ 

Remark 1. Note that algebraically dependent rational functions have the 
same set of generative functions. This follows from Lemma Q] and Lemma El 
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Remark 2. Let / G K[x\, . . . , x n ] \K. By Lemma 3 from [Arzh] . the subfield 
K(/) is algebraically closed if and only if the polynomial / is closed. So, the 
polynomial / is closed if and only if / is closed as a rational function. 

Theorem 1. Let polynomials f,g G K[xx, . . . ,x n ] be coprime and alge- 
braically independent. If at least one of them is irreducible, then the rational 
function (p = - is closed. 

Proof. Without loss of generality we can assume that / is irreducible. By 
Lemma [2] there exists a generative rational function ip = - for <p, where p and 

q are coprime polynomials. Then ip = for some coprime polynomials 
P(t), Q(t) G K[t}. 

Let P(t) = a (t - Ai) . . . (t - X m ) and Q(t) = b (t - pn) . . . (t - m), 
Xi, [Aj G IK be the decompositions of P(t) and Q(t) into irreducible factors. 
Then 

_ / _ Q o(| ~ A i) • • • (f ~ _ a (p ~ Aig) ■ ■ ■ (p - X m q)q l - m 
9 &d(f - Mi) • • • (f - Ml) bo(p - fixQ) ■ ■ ■ (p - m) 

and we obtain 

(*) b of(p ~ Mi?) • • • (p - M«?) = aofl-Cp - Aig) . . . (p - X m q)q l ~ m . 

Note, as Aj 7^ /!-,-, the polynomials p — A»g and p — fijq are coprime for all 
i = 1,1 and j = 1, m. Moreover, since p and g are coprime, it is clear that q 
is coprime with polynomials of the form p + aq, a G IK. 

Note also that p — (3q G" IK. Indeed, if p — (3q = £ G IK for some /3, £ G K, 
then p = i + (3q and 

_ / _ ao(£ + (g ~ Ai)g) . . . g + (g - A m )g)g'— 
^ ? 6d(e+(/3-Mi?)...(e+(/3-Mf)?) ' 

which means that / and g are algebraically dependent, which contradicts our 
assumptions. 

So from (*) we conclude that / is divisible by all polynomials (p — A*g). 
Since / is irreducible, taking into account the above considerations we con- 
clude that m = 1 and / = a(p — Aig), a G IK*. Therefore, from (*) we 
obtain 

b a(p - Aig)(p - fi X q) . . . (p - ^g) = a g(p - X^q 1 ' 1 
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and after reduction 

b a(p - fixq) . . . (p - mq) = a Q gq l ~ x . 

Since q is coprime with (p — fijq), we get Z = 1 and finally dog = b a(p — fiiq) . 
We obtain 

/ a (p-Xxq) Oo(f-Ai) ao (^_Ai) 

V 2 _ 



# b (p-mq) 6o(f — 60(^-^1)" 

One concludes that K(<£>) = K^), which means that is a closed rational 
function. □ 



3 Rational functions and pencils of hypersur- 
faces 

In this section we give a characterization of closed rational functions. While 
proving Theorem [2]we use an approach from the paper of J.M.Ollagnier [Ollj 
connected with Darboux polynomials. Recall some notions and terminol- 
ogy (see also [Nowl] . pp. 22-24). If 5 is a derivation of the polynomial ring 
K[xi, . . . ,x n ], then a polynomial / is called a Darboux polynomial for 5 if 
5(f) = Xf for some polynomial A (not necessarily A £ K). The polynomial A 
is called the cofactor for 5 corresponding to the Darboux polynomial / (so, 
/ is a polynomial eigenfunction for 5 and A is the corresponding eigenvalue). 

Further, for a rational function if = - e K(xi, . . . , x n ) \ K one can define 
a (vector) derivation 5^ = gdf — fdg : K[xi, . . . ,x n ) — ► A 2 K[a;i, . . . ,x n ) by 
the rule 5 v (h) = dhA (gdf — fdg). For such a derivation 5 V a polynomial h is 
called a Darboux polynomial if all coefficients of the 2— form dhA (gdf — fdg) 
are divisible by the polynomial h, i. e., dh A (gdf — /dp) = h ■ X for some 
2— form A, which is called a cofactor for the derivation 5 V . Note that every 
divisor of the Darboux polynomial h is also a Darboux polynomial for 5 V (see, 
for example, |Nowlj . p. 23). It is easy to see that the polynomial af + (3g is a 
Darboux polynomial for the derivation 5^ and therefore every divisor of the 
polynomial af+/3g is a Darboux polynomial of the derivation 5 V = gdf — fdg. 

Theorem 2. Let polynomials f,g& K[xi, . . . , x n ] be coprime and let at least 
one of them be a non- constant polynomial. Then the rational function (p = - 
is closed if and only if all but finitely many hypersurfaces in the pencil af+f3g 
are irreducible. 
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Proof. Let <p = £ be closed. Suppose that the pencil af + ft? contains 
infinitely many reducible hypersurfaces. Let {otif + ft<?}ieN> ( a i '■ A) ( a j '■ 
ft) for i 7^ j as points of P 1 , be an infinite sequence of (different) reducible 
hypersurfaces. For each i take one irreducible factor hi of aj/ + ftg. 

By the above remark, all polynomials hi are Darboux polynomials for S v 
and deg hi < degp> =: k. By Corollary 5 from |011j there exist finitely many 
cofactors of b v that correspond to Darboux polynomials hi (degrees of hi are 
bounded). Therefore, there exist polynomials hi and hj such that S v (hi) = 
Xhi and S^i^hj) = Xhj for some cofactor A G /\ 2 K[xi, . . . ,x n ]. This implies 
tf^jk) = o and thus Ad(j*) = ^(jj) = (see [OU]). By Lemma[H the 

rational functions ip = jj and ^ are algebraically dependent. As <p is closed, 
= F(</p) for some G K(£) and therefore deg jf- = deg F deg (see for 
example [Oil] ) . But this is impossible since deg -A < deg(p . Therefore, all 
but finitely many hypersurfaces in af + j3g are irreducible. 

Let now a f + j3 g be an irreducible hypersurface from the pencil af + 
j3g. Consider the case when / and g are algebraically independent. One 
can assume without loss of generality ao ^ 0. Then a f + j3 g and g are 
algebraically independent as well. (If «o = 0, then ft ^ and polynomials 
/ and aof + ft<? are algebraically independent). Therefore, since aof + ft<? 
and g are coprime, by Theorem [1] the rational function ip = "°^+^ 09 is closed. 

Therefore, ip = ^ = a^ijp — ft), which proves that <p> is a closed rational 
function. 

Let now / and g be algebraically dependent. Then / = F{h) and 
g = G(h) for a common generative polynomial function h and polynomi- 
als F(t),G(t) G K[t] (see Remark EJ. Let (1 : ft) ^ (1 : ft) be two dif- 
ferent points in P 1 such that / + fag is irreducible for % G {1,2}. Then 
/ + Pi9 — F{h) + PiG(h) is irreducible for i G {1, 2}. In particular this means 
that deg(F(f)+ftG(t)) = 1, i. e., F{t) + f3iG{t) = ait + k, a^h G K, at ^ 0. 
Then since ft 7^ ft, we conclude that F(£) = at+b and G(t) = ct + rf for some 
a, b, c, d G K. So y9 = ^ = jjj^- As at least one of / and g is non-constant 
and since / and g are coprime, we conclude that ~K(<p) = K(/i). Therefore, 
since K.(h) is an algebraically closed subfield of the field K(xi, . . . , x n ), (p = 
is a closed rational function. □ 

Remark 3. Note, in order to show that ip = ^ is closed in Theorem [2] 
it is enough to have two different irreducible hypersurfaces in the pencil 
af + j3g. One irreducible hypersurface aof + ftg is enough provided / and 
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g are algebraically independent. 

Remark 4. We also reproved a weak version (we do not give an estimation) 
of the next result of W. Ruppert (see |Rupp| , Satz 6). 

If / and g are algebraically independent polynomials and the pencil af + 
Pg contains at least one irreducible hypersurface, then all but finitely many 
hypersurfaces in af + (3g are irreducible. 

Remark 5. If a polynomial / G K[xi, . . . , x n ] is non-constant then by The- 
orem [2] and Remark [2] / is closed if and only if for all but finitely many 
A G K the polynomial / + A is irreducible. This result is well-known (it 
can be proved by using the first Bertini theorem), see, for example, |Schinz] . 
Corollary 3.3.1. 

Using Remark one can prove that any polynomial / G K.[x\, . . . , x n ] \ IK 
can be written in the form / = F(h) for some polynomial F(t) G K[t] and 
irreducible polynomial h. Similar statement holds for rational functions. 

Corollary 1. A rational function jj G K(xi, . . . ,x n ) \ K can be written in 

the form L = F(cp), F(t) G K(t), for some rational function (p = - such that 
polynomials p and q are irreducible. 

Proof. Let ^ be a generative function for -. As 21 is closed, by Theorem [2J 
the pencil api + (3q\ contains two different irreducible hypersurfaces p = 
&1P1 + Piqi and q = a^p\ + P2Q1, i- e., (ai : 7^ («2 : fa)- Since the pencils 
ap + j3q and ap\ + (3q\ are equal, and since in the pencil api + (3q\ all but 
finitely many hypersurfaces are irreducible, we conclude that | is closed and 

is a generative function for -. □ 

Remark 6. Under conditions of Corollary [1] polynomials p and q can be 
chosen of the same degree. 

Corollary 2. Let KCLC K.(xi, . . . ,x n ) be an algebraically closed subfield 
in K.(xi, . . . , x n ). Then it is possible to choose generators of L in the form 
— — , where pi and qi are irreducible polynomials. 

Theorem 3. Let polynomials f,g G K[xi, . . . ,x n ] be coprime and alge- 
braically independent. Then the rational function f fg is not closed if and 
only if there exist algebraically independent irreducible polynomials p and 
q and a positive integer k ^ 2 such that f = (aip + (3\q) . . . (a^p + (3^q) 
and g = (jtp + 8 x q) . . . (j k p + 5 k q) for some («» : A), (7^ : 5j) G P 1; with 
(ai : Pi) ^ (jj : Sj), i,j = l,k. 
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Proof. Suppose ^ is not closed. Take its generative function | with irre- 
ducible polynomials p and q. This is possible by CorollaryHJ Then ^ = F(^) 
for some rational function F(t) G K(t) with degF(t) = k ^ 2. Note that the 
polynomials p and q are algebraically independent because in other case the 
polynomials / and g were algebraically dependent which contradicts to our 
assumptions. Write 

= a (t- Ai)...(t- Aj 

&<)(* — Ail) ---(* — /ir) 

with Aj 7^ fij, i. e., with coprime nominator and denominator. It is clear 
that k = deg-F(t) = max{s, r}. After substitution of t by | we obtain 

/ _ Qq(p - Aig) . ■ ■ (p - \ s q)q r ~ s 

9 b (p - Hiq) . . . (p - HrQ) 

Put (oij : Pi) = (1 : -Aj) for i = l,s, (jj : Sj) = (1 : -pLj) for j = l,r. If 
r ^ s, then put (jj : <5j) = (0 : 1) for j — r + 1, . . . , s. If r > s, then put 
(a« : Pi) — (0 : 1) for i — s + 1, . . . , r. We obtained 

/ _ qqQip + Pig) ■ ■ ■ {oikP + Pkq) 
g h{iiP + $iq) ■ ■ ■ {ikP + hi) ' 

which means that up to multiplication by a non-zero constant / = (a\p + 
fiiq) . . . (a k p + (3 k q) and g = (jip + 5iq) . . . (j k p + 5 k q). 

Suppose now that / and g have the form as in the conditions of this 

Theorem. Let us show that the rational function - is not closed. As f = 

9 J 

(aip + fcq) . . . (a k p + (3 k q) and g = (^p + 5iq) . . . {j k p + 6 k q), one has 

/ _ (aip + (3 iq ) . . . (a kP + (3 k g) + («*f + AO 

g {lip + Srf) . . . (7^ + 8 k q) (71 J + 61) . . . (7*2 + 8 k ) ' 

i. e., t = F(2) for the rational function F(t) = K*+ft)---K f +fe) Since 

(ttj : /3j) 7^ (7j : <5j), z, j = 1, k, we conclude that degF(t) ^ 2, which means 
that ^ is not closed (equivalently, by Theorem [21 the pencil af + (3g contains 
infinitely many reducible hypersurfaces) . □ 

Example. Let p and q be irreducible algebraically independent polynomials 
in K[xi, . . . , x n ], n ^ 2. Then ip = ^ is a closed rational function for coprime 
Z and m. 
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Indeed, suppose the converse holds. Then by Theorem [3] there exists 
irreducible polynomials pi and q\, an integer k ^ 2 such that 

q m (71P1 + dxqi) . . . (7aPi + 4<?i) 

Since a^pi + $(71 and 7jPi + are coprime for all % and j, it follows that 
p* = (aiP! + /?igi) . . . (afcPi + and q m = (71P1 + ^ft) . . . (7^ + 6 k q{). 
Since p and q are algebraically independent, as in the proof of Theorem [T] 
we conclude that ap\ + fiq\ 7^ K for all (a : /3) G P 1 . Therefore, (ai : = 
• • • = (a fc : (71 : St) = ■ ■ ■ = (7^ : S k ), and 

p l = ao(aipi + g m = 6 (7iPi + ^i<?i) fc - 

Since p and g are irreducible, we obtain, up to multiplication by a non-zero 
constant, a.\p\ + ft\q\ = p l and 71P1 + b\q\ = q m , i. e., k ^ 2 divides both 
I and m. This is impossible, since / and m are coprime. We obtained a 
contradiction, which proves that is a closed rational function. 



4 Products of irreducible polynomials 

Theorem 4. Let Pi, • • • ,p& G K[xi, . . . , x n ] 6e irreducible algebraically inde- 
pendent polynomials. If gcd(rni, . . . m^) = 1 then the polynomial 

pT 1 pT---pT + ^ 

is irreducible for all but finitely many A G K. 

Proof. Show at first that the polynomial p^p™ 2 ■ ■ ■ p™ k is closed. Suppose 
to the contrary it is not closed and let p^p™ 2 • • -P™* = for some closed 
polynomial h and F(t) G K[t), degF(t) ^ 2. Let F(t) = a(t-fn) ... 
be the decomposition of F(t) into linear factors. Then 

Pi 1 pT---P% k = <x(h-n 1 )...(h-fi a ), p G K, aeK*. 

Since the polynomials h — fii are closed and since we assumed that the poly- 
nomial p^p™ 2 ■ ■ .p™ k is not closed, one concludes that s ^ 2. Suppose there 
exists fit 7^ fij, assume without loss of generality /ii / /j 2 . As all Pi are irre- 
ducible, it is clear that h — fix — ctip^ 1 . . . p\™ and h — fi 2 = ct 2 p 1 ^ . . . p l - r for 
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Pil 5 • • • 5 Pim 1 Pjl ) • • • 5 Pjr 

G {pi, . . . ,p k }- Since /i x ^ // 2 , the polynomials /i-^i 
and h — H2 are coprime. Therefore, the sets {p^, . . . , Pi m } and {p^, . . . ,Pj r } 
are disjoint. From {h — fii) — (h — H2) + (/^i — ^2) = it follows that 

«iPu • • • p& - • • • p5; + (pi - p 2 ) = 0, 

which means that the set {pi, ■ ■ ■ ,Pk} is algebraically dependent. We ob- 
tained a contradiction. Therefore, fii = • • • = fi a andp™ 1 . . .p™ k = a(h—fii) s , 
s ^ 2. From the unique factorization of the polynomial p™ 1 . . .p™ k it fol- 
lows that s\mi, . . . , s\rrik which is impossible by our restriction on num- 
bers mi, . . . , rrik- This contradiction proves that the polynomial p™ 1 . . . p™ k is 
closed. Therefore, by Remark [5] the polynomial p™ 1 . . . p™ h + A is irreducible 
for all but finitely many A G IK. 

□ 

The authors are grateful to Prof. A. Bodin who has observed on some 
intersection of this paper with his preprint [Bo] (in fact, the statement of 
Theorem 2 is equivalent to Theorem 2.2 from jBoj in zero characteristic, but 
the proofs of these results are quite different). 
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